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Abstract. In this work we evaluates sums of the zeros for the Bessel function 
Jv(z), the Airy function A(z), the Riemann zeta function ((z), L-series L(s,x) 
jrt ■ with real primitive characters, Ramanujan's entire function (a.k.a. g-Airy 
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(2) 
function) A q (z), g-Bessel function Jc, (z;q). 



1. Introduction 



Given an entire function f(z), it is interesting to find formulas for various sums 
of zeros for f(z). Generally speaking, it is relatively easy to calculate the multiple 

i-Q ■ sums and hard to find the related power sums. In this work we prove an identity for 

certain class of entire functions that is very similar to the formulas for polynomials. 
This class includes the Bessel function J u (z), the Riemann zeta function ((z), L- 
series L(a, x) with real primitive characters, Ramanujan's entire function (a.k.a. 
g-Airy function) A q (z), g-Bessel function Ji, '(z;q). Using this identity we give 
closed form evaluations of certain multiple sums and power sums of the zeros of 

^^ ' these functions. 

The work is divided into four sections, in section [2] we present some facts on the 
special functions; We state and derive the identity in section [3J In the section [4] we 
apply the identity to some special functions. 



2. Preliminaries 

2.1. Bessel type functions [TJ [3j [3 H3J [15] . For any complex number z € C, the 

Euler's T(z) is defined as 



1 TT / . Z 



The Bessel functions J v (z) is defined as 



^ ^>-g„ r(„ + ,/ + i)„i (f) 



v+2n 



It is well known that, for v > — 1, the zeros of the even entire function z u J u (z) 
are real and simple. We denote the positive zeros as 

(2.3) < j vA < j Vi2 < ■■■ < j„, n , .... 
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They satisfy the following identity 

(2 ' 4) h^-^+iy 

The Bessel functions have the infinite product expansion 



The Bessel function J v (z) also satisfies the following second order differential equa- 
tion 



; d 2 y(z) dyjz) 
dz 2 dz 



(2.6) z 2 -^+z^^ + (z 2 -v 2 )y(z)=0. 

The Airy function is defined as [13] 

, 3 ™ 1TZ ^ 1 / Z\ 3n 



(2-7) ^)^E r(n + 2/3)B! h) + T £ 
Clearly [Tjri2], 



_(n + 2/3)n!V 3/ 9 ^ IYn + 4/3)n! V 3 

n— n— 



(2.8) 4.) . iAi (- J=) . 

The Airy function A(z) satisfies the following second order differential equation 

(2.9) y"(z) + Z -y(z) = 0. 

It is known that A(z) has infinitely many real zeros, all of them are positive and 
simple. Let us denote them as 

(2.10) <i x <i 2 < .... 
It is also known that 

(2.11) i v ~ v 2 l z 

as z/ — > oo. 

From the infinite product expansion for Ai(z) [12] we get 

*•* OO / 

7r e KZ tt/. 2 \ ./,- 
e ' " 



(2 - i2 > ^«) - » rws) n ' 

where 

- ^ 1 3r(2/3) 4 , 

(2.i3) ^ = E? B 4r- fc>0 - 






Thus, 



(2.14) 9r(2/3) 2 ^(Vi)^(-Vi) = ft( 1 __ 

n=l v 

From the product formula 

(2.15) Ai(z)Ai(-z) = -j^- / Ai(^ 2 )e 2jzt dt 
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we obtain 

d«o n (1-5) = 2S,334/3r (l) 2 r Ai ( w)»,(Hf!) di 

where 

(2.17) 
From 



3y ^ (2n)\ Vv^ 

7 n— v 

/•OO 

„ : = / Ai(2 2 / 3 t 2 )i 2n di, n € N U {0} . 
Jo 



we obtain 

z i/2 /2z 3 / 2 

(2.19) Ai(z) = — ^# 1/3 



ttVS i/J V 3 



Hence, 



o(2n-l)/3-l/2 

(2.20) m„ = . (4n w 3+1 / ^i /3 («)« (2n - 1)/8 d« 



7T 



2(4n)/3+l 



i] 



3 (2n-l)/3-l/2 /„ 1\ /« . I 



7r2 (2«+7)/3 v 3 6/ V3 2 
Then, 

OO > \ OO 

(2.21) Ili-^EHIV, 



where 
(2.22) 



,1=1 ^ Jn/ ,. 11 



V3r(§ri6»/3r( f + i)r(f + i) 



^4tt (2n)! 

2.2. g-Series [31 [8]. Assume that < q < 1, let 

OO 

(2.23) (*;g)oo: = II(i-*ff n ), 

ra=0 

(2-24) (z; 9 ) n : = 7^%^, 

(2g™;9)oo 

and 

m 

(2.25) (zi,z 2 ,...,z m ;(7)„ : = ]J(z,;<7) r 

for any m G N,n € Z and z, zi, ?j,..,,2 m gC. 
The g-Bessel functions J„ {z;q) is defined as 

00 



(q" +l -,q)ooy (-g™+T ( *Y +2n 

n=0 



(2 26) JM (z-a)-= [q ;gj ^ V l ~ g J ( -1 
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It is known that for v > — 1, all the zeros of z~ v J v (z; q) are real and simple. We 
denote the positive zeros as 

(2-27) < j„ tl (q) < j vfl {q) <■■■< j^ n (q) < .... 

It is known that H EH 



( 2 - 28 ) E —JT) < °°- 

Then, 

(^9) (?)~>^)=<*p^n(i-^ 

The Ramanujan's entire function (a.k.a. g-Airy function) A q (z) is defined as [21 QT] 

(.30, ^'-Sl^f- 

It is known that all the zeros of A q {z) are positive and simple, we let them be 

(2.31) < h{q) < i 2 {q) <■■■< i n (q) <■■■■ 

It is also known that 

(2 - 32) S^) <co ' 

Hence, 

(2.33) ^(^)=n( i - 



i V in{q) 

2.3. The Riemann Zeta Function ((s) (TJ [21 [HI \W\, [14]. The Riemann zeta 
function £(s) is defined as 

OO _. 

(2.34) C(*): = E^< »(*)>!■ 

n— 1 

The entire functions 

and 

(2.36) 3(z): = $Q+»* 

are of order 1. They satisfy the following functional equations, 

(2.37) £(z)=£(l-z), 
and 

(2.38) 5(z) = S(-z). 
The function S(z) has an integral representation 

/•QC 

(2.39) E(z)= (j)(t)cos(zt)dt, 

Jo 
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where 

oc 

(2.40) 0(i) : = 4vr J2 {^n A e^/ 2 - 3n 2 e - 5t / 2 } exp (-n^e" 2 *) 

n=l 

Evidently, 

(2.41) E(z) = J2 






n=0 

where 



(2n) 



(2.42) h„ : = / t zn (f>{t)dt. 

Jo 

It is well known that 4>(t) is positive, even and fast decreasing on K. From formula 
<|2.42[) , it is clear that 

(2.43) 6 = 5(0) > 0, 

we list all its zeros with positive real part first according to their real parts, then 
their imaginary parts, 

(2.44) 

Then, 

(2.45) 

Thus, 

(2.46) 

where 

(2.47) 





Z\,Z 2 - 


i . . . , z ni 








E(z) 


= bo 


OO / 

n(>- 

71=1 V 






n(i 


~^J 


= : 


2(V5) 

bo 


OO 

E(- 

n=0 


-l) n 0nZ n , 


0o : 


= 1, 


0n- 


_ b n 


, ) '< 


aeN. 



(2n)!6o' 

More generally, let x(n) be a real primitive character to modulus m. The function 
L(s, x) is defined as 

(2.48) L( S7X ); = ^_M, R(*)>1. 

n=l 

Let 

[i, x(-i) = -i 

it is known that for 

(2.50) a S \x,a):=^y {S+a)/2 T^)L {s , x) , 

then, 

(2.51) £(l-s| X ,a)=£(s|x,a). 
It is also known that the entire function 

(2.52) E(z\x,a): = ^(- + iz\ X ,a 
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is of order 1, even and has an integral representation 

1 r°° 

(2.53) E(z\ X , a) = - J e~ lzt <j>{t\ X , a)dt, 
where 

oc 

(2.54) 0(i| X ,O): = 2 e -*/ 2 £ x^e^^ jn \ 

71— — OQ 

and 

oo 

(2.55) 4>(t\ X , l): = 2e- 3 */ 2 £ n X {n)e 

n= — OQ 

From a = 0, 



oo oo 

(2.56) J2 x(«K" 2 " /m ^ E X(n)e~ n2 * 



/{mx \ x>0, 
% .r ■ — ' 

n= — oo 

and a = 1, 



(2.57) £ ™x(")e" 2 " /m = ^ 3/2 £ n x(«)^' lV/( '" l) 1 2;>0. 



?l— — oo 



It is easy to verify that 

(2.58) 0Hlx,o) = 0(t|x,o), tGR. 
Then, 

/■OO 

(2.59) E(z\x,a)= I <f>(t\x, a) cos(zt)dt 

Jo 

^ (2n)! 

where 

/•OO 

(2.60) 6„( X ,a):= / t 2n 0(t\ X , a)dt. 

Jo 

Assume that 

(2.61) bo(x, a) = B(0|x, a) = £ Q|x, a) ^ 0, 

then formula l|2.59p says that is not a zero of E(z\x, a)- We list all its zeros with 
positive real part first according to their real parts, then their imaginary parts, 

(2.62) zi(x, a),z 2 {x, a),..., z„(x, a),.... 
Then, 

(2.63) S(2r|x,o) = 6o(x,a)II( 1 



Thus 



(-) nO-;^)- 3 ^-!^)-^.^ 
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where 
(2.65) 



/3o(x> a ) : = 1 > /?n(x, a ) : = 



(2n)!6 (x,a) 



neE 



3. Main Results 



Theorem 3.1. Given a sequence of non-zero complex numbers {A„} n=1 C C sat- 
isfying 



(3.1) 

Let 

(3.2) 

then 

(3.3) 



y^ ia„i < oo. 



n=0 



(-l)"/(")(z) _ 



nlf(z) 



? .71 



Afci Afe 2 • • • Afc n 



l<fcl<fc 2 ---<fc„ 



(1 - zA fcl )(l - zA fc2 ) ■■■(!- z\ kn ) 



for all n e N and all z € C which is not in the sequence {A™ 1 } _ r In particular, 
we have 



(3.4) 

and 

(3.5) a 

lei 

(3.6) 

then for n <G N we have 

(3.7) 



fe=i 



a- = i, o-i = y^A 

(-!)"/(") (0) 



2 y Afe 1 Afc 2 ■ • • A* 

i<fei<fe 2 ---<fe„ 



fe=i 



n-l 



an = (-l) n_1 na n + ^(-l) 3 '- 1 ^ 



and 

(3.8) 



det 



1 

c 

tx 2 





1 

_ CT 1 



(-l)"" 1 ^-! (-1)"- 2 CT „_ 2 (-1)"- 3 CT „_ 3 

n — 1 n — '2 n — 3 



3(T3 



f-irV, 



/or any c^O. 



SUMS OF ZEROS FOTi CERTAIN SPECIAL FUNCTIONS 



Proof. Clearly, the condition l|3.ip implies that (|3.2j) and (J3-3J) converge absolutely 
and uniformly on any compact subset of C. Thus, f(z) is an entire function. Then 
we have 

oo -. 

(3.9) (-!)/» =/(*)£r^V- 

n—1 



Assume that l|3.3p is true for some positive integer n, or 

(3.10) (-l) n / (n) (*) = «!/(*) 

v— • Afei-^fe 2 ' ' ' Afe„ 

X !< fel ir...< fc „ (l-^ fcl )(l-zA fc2) ...(l-zA fc J' 

then, 

(3.11) (-l) B+1 / (n+ %) = (-!)"!/'(*) 

v^ AfejAfe;, ■ • ■ Afe„ 

X !<*£•..<*. (l-^A fel )(l-zA fc2 )...(l-zA fc J 



W*) £ Tf 



Afc! ^fc 2 ' " - Afc„ 



(l-zA fel ) 2 (l-zA fc2 )...(l-zA fc ) 



!/(3) .. ? . 



V fel A fe 2 ' ' ' A fcn 



,,,, ..., ,.(l-^,)(l-^ b )=-.(l-,A«J 



VW E tt 



AfejAfea • ■ • A fe 



J , , A;n (l-zA fel )(l-zA fe2) ...(l-zA fc J 2 
, , . , , i \ v~^ Afe Afe, Afe 2 • • • Afc 

= 77. r ' " ■ ' k * 



zAfc (1 — z\ki )(1 — zAfo) ••• (1 — zAfe ) 
i<fci<fc 2 ---<fe„fc=i v 1M 2/ v " ; 



'/(*M... £ . E T 

E_ A fei Afc 2 ■ • • Afe 

, . (1 



At. Afe, ■ • • Afe 

(\ - 7.\u.\ 
l<fel<fc 2 ...<fe 



? .a 



(l-^A fcl ) 2 (l-^A fe2 )---(l-zA fc J 
Afei A| 2 ■ • • Afe„ 



(1 - zAfe, )(1 - zAfe,) 2 . . . (i _ z \ ) 
i<fei<fe 2 ---<fe„ v lM 2 ' v " ; 



\p Afe-! Afc 2 ■ ■ ■ A fcn 

1 < fci< t.. </£n (l-^fe l) (l-zAfe 2 )...(l-zAfe„) 2 



The first sum within the braces could be split into several sums according to whether 
k equals one of these k\,. . . ,k n or in one of the n + 1 intervals: 

(3.12) (l,/ci),(fc 1 ,fc 2 ),...(fc„,oo). 

It is clear that the n sums in the first case cancel out the last n negative sums 
within the braces, while each of the n+1 sums obtained from the last case, after 
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renaming the dummy variables, equals 
(3.13) Yl 



Afc x Afe 2 • • • Afc n+1 



x< kl <k 2 ...<k n+1 (i - zx ^ {i - zx ^ ■ ■ ■ {i - zXk ^y 

which implies that (|3.3[) holds for n + 1, and the proof of (|3.2p is finished by the 
principle of induction. Observe that 

oo 

(3.14) -f'(z) = J2(-ir(n + i)v n+1 z n 

rs=0 

and 

oo , oo 

(3.15) Et^; = E^". 

n—1 n—i) 



equation (|3.9p becomes 

OO / OO \ / oc \ 

(3.16) Y / (-l) n (n+l)a n+1 z n = K](-l)V„z" ^ s „ +1 z" . 

n=Q \n=0 / \n=0 / 

We get (|3.7p by equating the corresponding coefficients of Z n . ([3.8P is obtained 
from (|3.7p by solving for {^-, |J, . . . , jg-} with Cramer's rule. D 

4. Applications 
4.1. Sine function sin(z). In the Theorem 13. ll we take 

(4.1) Afe = ^' fcGN ' 

then, 



, , -i-r / z \ sin (■nJ 

^ **> = n(i-^) — ^ 

z — i v 



Since 

sin (Tr-y/z) _ ^ 7T , 

( j Tr^/i ~^ n (2fc + l)! 1 

then, 

(4-4) E 



-z) fc , 



, , , k\-k\---kl (2n + l)!' 

l<fei<fc 2 <-<fc„ 1 ^ n \ / 

which is known, see [5]. In this case Sfc has a very nice formula, which was discovered 
by Euler [5]: 

x 1 I l^fc— lo2fc— 1 R _2fc 

<"> CP^-g^- '- 1 ' ^ ■ 

where i?2fe is the 2fc-th Bernoulli number defined by 

oo „ 



( 4 - 6 ) -F^ = Y, B --- 

e x — 1 *--' n! 

n=0 

Then, apply l|3.8p with c = -7r 2 to get 
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(4.7) 



B2n 



(2n) 
















f 


1 








.. 


1 
; 2 ! 

7! 


\ 


det 




1 

5! 


1 

1 

3! 



1 


.. 
.. 








1 


1 


1 


.. 1 

1 

3! 


(n-1) 


/ 




(2n-3)l 


(2n-5)l 


(2n-7)! ' 


(2n-l)l 

n 


\ 


(2n-l)! 


(2n-3)l 


(2n-5)! 


(2n+l)! 



which is known. 

4.2. Bessel function J v (z). Take 



(4.8) 

in Theorem 13. 1[ then, 

(4.9) 

has the series expansion 

(4.10) 



1 



A fe = — , k e N, 

3y,k 



/w- gy -nf'T 

^ „=1 V •'".' 



f ^_y (-i)"r(i/ + i)z" 

n— v ' 



Hence 

(4.11) 

or 

(4.12) 



E 



r> + i) 



l<fci<fc 2 <---<A; 7 



Jv % h\ -iv^k-2 Ji/,k n 



E 



1 



i!2 2 «r(j/ + n + l)' 



1 



Then, from (|3.8p with c = — | to obtain 

(4.13) 



4 n (-l) 



ra-1 



fc=l 



-2n 



det 



1 

2K>+1) 2 




1 

T^+T) 



(n-2)!(y+l)„_ 2 (n-3)!(y+l)„_ 3 (n-4)!(i/+l)„_ 4 
\ (n-l)!(i-+l)„_i (n-2)!(v+l)„_ 2 (n-3)!(j/+l)„_ 3 

Here are the first few s„s, [15] . 



(" + 1)2 

2!(y+l) 3 



(n-2)!(i/+l)„_i 

1 1 , 

(v+l) (n-l)!(j/+l)„ / 
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(4.14) 
(4.15) 

(4.16) 

(4.17) 
(4.18) 



1 



•si 



A - 2 



S3 



A'4 



S5 



4(v + l)i 

1 



4 2 n ■=>+!)., 

2(i/ + 2)i 

4 3 n-=i(^+i)/ 

(5i/+ll)(u + 2) 2 

4 4 n}=i("+i)i' 

2(7*/+19)(^ + 2) 2 (^ + 2) 3 

4 6 n?=i("+i)i 



4.3. Airy function A(z). Take 



(4.19) 



1 

72 ' 



From (|2~2Tj) and (f2T22|) to obtain 



(4.20) 



E 



y3r(|) 2 i6«/3r( f + i)r(f + i) 



•2 -9 -9 

l<k 1 <k 2 <-<k n fc i fe 2 k n 



ffl-K 



(2n)\ 



Let 



(4.21) 

then, 

(4.22) 



a(n) 



V3r(l) 2 r(f + i)r(f + i; 



E 



(-i) 



ra-l 



= det 



i 2n 2 4n/3 

1 K 



1 

o(l) 
«(2) 



V^T, 



(2n)l 





1 

a(l) 



a(n — 2) a(n — 3) a(n — 4) 
V a(n — 1) a(n — 2) a(n — 3) 



a(l) 
2o(2) 

3a(3) 



1 (ra-l)a(n-l) 

-a(l) na(n) 
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The first five s n are: 

V3r(|) 2 r( 



(4.23) 

(4.24) 
(4.25) 
(4.26) 



si 



S2 = 



2V3^ 

-r(!) 4 r(|) 2 r(|)r(|) 



2 2 / 3 7T 



2\/3 



- . 3V3r(§) 6 r(|) 3 3 r(|) 3 r(|)r( 



S3= 90 



sa = — 1 - 
54 l 3 



2tt 3 / 2 



42V30F 



(567r-5)r(f) 2 r(|) 

12602 1 /3 A /3^ 

>4 „„! /, /^ ,-, /2 \ 5 -p /5"\ 2 " 



92 2/ 3r (|)» r (5)* _ 22 1 /3V3 7 rr (|)° r (|) z r ( 



(4.27) 



■S'5 



4tt 2 

5r(I) 6 r(|) , ( 56.-5)r(|) 4 r(|) 2 



362 1 /3V3^ : 10082 2 /3tt 

5r(|) 8 r(|) 3 , 9V3r(|) 10 r(|) 5 , (i-3fcr)r(f)r(§; 



47r 3/2 22 2 / 3 7T 5 / 2 

AA. g-Bessel function Jh '(z;q). Take 



12960V3 



(4.28) 
From 
(4.29) 

to obtain 
(4.30) 

and 
(4.31) 



A fc = 



1 



3Z.M 



, fceN. 



2»( q;q ) 00 jl 2 \z^ ;q ) 

{q u+1 ;q)ooZ v / 2 

_ V^ (-l) n (? ™("+")z™ 

= ^ (9,5" +1 ;9)n2 2n ' 



n=l 



n >-jf- 

Jv.n 



E 



z(n+i/) 



,._,. ,_, <k jl,kS<i)-JlkM)---JlkS<l) 4»(«,g-+i; ff ) n ' 



(-l) r 



/ 1 

&(i;g) 

6(2; g) 



= det 




1 

6(i; «) 



b(n-2;q) 6(n-3;g) 6(n-4;g) 
\ 6(n— l;g) b(n — 2;q) 6(n — 3;g) 



6(1; <?) 
26(2; g) 
36(3; g) 



1 (n-l)6(n-l;g) 

6(1; g) nb(n;q) 
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where 
(4.32) 
The first three s n s are: 



b(n;q) : = 



{q,q v+l ]q)n 



(4.33) 
(4.34) 
(4.35) 



,i/+i 



si = 



S2 = 



S3 



4(1 - g)(l - r +1 )' 

q 2 (»+V(l + 2q-q»+ 2 ) 



42(l-g2)(l_ r +l)( r +l ;g ) 2 ' 

g3(«>+l) (1 + 3 g + 3 g 2 + 3g 3 _ qV +2 _ gV +3 _ 3^+4 + q 2v+5^ 

43(l- g 3)(l-^+i) 2 (g-+i;g) 3 



4.5. Ramanujan's entire function A q (z). Take 

1 



From 




(4.37) 


M*) = E 

ra=0 


to get 




(4.38) 


E 

l<fel<fe2<---<fe„ 



and 



A i 



ik(q) 



fceN. 



g™ (-l)"z r ' 

(<?;<?)« 



n i 



»n(«) 



1 



i k 1 (q)-ik 2 (q)---ik n (q) {q;q)r 



(4.39) £ 



/ 1 

9 

1-9 

9 

1-9 



:det 





1 

g 

i-g 



„(n-2r „("-3) z „(»"*)' 



(g;g)n-2 (g;g)r. 



(g;g), 



\ _£ :__ 

\ (g;g)„-l (g;g)n-2 (g;g)n-3 

The first five s n s are: 



g 
i-g 



2g 4 
(9;9)2 

3g^ 
(9:9)3 

(q;q)n-i 

nq n 

~UmU 
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14 



(4.40) 



si = 



l-«' 



(4.41) 



A'2 



g 2 (l + gg) 
l~q 2 ' 



(4.42) 

S3 

(4.43) 

■Si = 

(4.44) 
«5 = 



2 i q„3\ 



g 3 (l + 3g + 3 g 2 + 3q : 
1-g 3 

g 4 (l + 2g + 2g 3 )(l + 2g + 2g 2 + 2g 3 ) 



l-q 5 
x(l + 5q + 10q 2 + 15g 3 + 20q i + 20q 5 + 20q 6 + I5q 7 + I0q 8 + 5q 9 + 5q w ). 



4.6. Riemann zeta function £(s). Take 



(4.45) 

From ([2~46]) to obtain 



A fc = -*, feeN. 



(4.46) 



E 



&n 



l<k 1 <k 2 <---<k n fe l fc 2 k„ 



(2n)!&o' 



and 



(4.47) £ 



(_l)~-i 6 g 



fc=i 



:det 



,~2n 




/ ^0 




i 

6i 



6„_ 



6„- 





1 

6n — 



(2n-4)! (2n-6)! (2n-8)! 

4 bn-1 fen-2 hn-3 

\ (2n-2)! (2ra-4)l (2ra-6)! 



I \ 



1 (w-l)bn-l 

1 (2n-2)! 

bi nb n 

2! (2n)! 



The first four s„s are: 
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(4-48) », = |L, 

(4.4, * = ^, 

,, „. 30^ _ i 5bohb2 + b 2 b 

(4 - 50) S3 = 24061 ' 

_ 6306f - 4206 6?& 2 + 35&gfo| + 286§6i6 3 - 6g& 4 
(4 ' 51) " 4 ~ 1008064 ' 

The Dirichlet L series have similar formulas with Zk being replaced by Zk(x, a), and 
h by b k (x,a). 
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